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Bang ky hiéu viét tat
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tap hop cac diém bat dong ctia T
bai to4n bit dang thifc bién phan
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Mo¢ dau

Bai todn tim diém bat dong chung da va dang 1a mot chii dé thu hit su quan
tAm cta nhiéu nha todn hoc trong va ngoai nuéc. Bai toan tim diém bat dong va
giai bat dang thiic bién phan trong khong gian Hilbert: Cho C 1a tap con 161, déng,
khac rdng ctia khong gian Hilbert H.. Anh xa A : C — H lién tuc. Bai todn bét

dang thic bién phan 1a tim x € C sao cho
(A(x),y—x)>0, VyeC. (0.1)

Bai todn bit dang thiic bién phan dugc ky hiéu 1a VI(A, C). Bai todn tim diém bét

dong cia anh xa T : H — H la bai toan
tim x € H sao cho T'(x) = x. (0.2)

Muc dich ctia dé tai lun vin 1a trinh bay bai toan diém bat dong chung ctia 4nh
xa nta co va bit dang thic bién phan véi anh xa don diéu lién tuc Lipchitz trong
khong gian Hilbert. Tic 1a tim nghiém chung cta bai toan va bai toan (0.2).

Dudi su huéng dan ctia TS. Tran Xuan Quy va TS. Vi Vinh Quang, t6i chon dé
tai luan vin: “Vé phuong phap lip hitu hiéu tim diém bat dong chung va bat dang
thiic bién phan trong khong gian Hilbert”.

Noi dung luin vin dugc trinh bay trong hai chuong, cu th€ nhu sau:

Chuong 1: Trinh bay vé mot s6 két qua dic trung trong khong gian Hilbert.
Trinh bay mot sd phuong phdp 1ip di c6 lién quan tdi bai toan tim diém bat dong
va bai todn bit dang thic bién phan.

Chuong 2: Trinh bay hai phan. Phan thi nhat 1a trinh bay khai quat vé phuong
phép lip giai bai todn tim diém bat dong chung va bit dang thic bién phan trong
khong gian Hilbert, phan hai trinh biy vé phuong phap lip hitu hiéu giai bai todn
tim diém bat dong chung va bt dang thic bién phan trong khong gian Hilbert.

Trong qua trinh hoc tap va nghién cuiu tai Truong Pai hoc Khoa hoc, Pai hoc
Thai Nguyén, em ludn nhin dudc su quan tAm gitip dd va dong vién clia cic thay

co trong Ban Giam hiéu, phong Pao tao, Khoa Toan — Tin.
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V6i ban luan vin niy, em mong muén dugc gép mdt phan nhod cong stic clia
minh vio viéc gin giit va phat huy vé dep, su hip din cho nhiing dinh 1y toan hoc
von di da rat dep. Pay ciing 1a mot co hodi cho em g 16i tri an t6i tap thé cac thay
cd giang vién cua truong Pai hoc Khoa hoc — Pai hoc Thai Nguyén ndi chung va
Khoa Todn — Tin néi riéng, da truyén thu cho em nhiéu kién thic khoa hoc quy
bau trong thdi gian em dudc la hoc vién cua truong. Em xin chan thanh cam on
Ban Giam hiéu trudng THPT Phu Luong, Thai Nguyén cling toan thé cdc anh chi
em dong nghiép da tao diéu kién t6t nht cho em trong thdi gian di hoc Cao hoc;
cadm on céc anh chi em hoc vién 16p Cao hoc Toan K12 va ban bé dong nghiép
da trao ddi, dong vién va khich Ié em trong qué trinh hoc tap va lam luan vin tai
truong Pai hoc Khoa hoc, Pai hoc Thai Nguyén. Pac biét em xin dugc bay to
long biét on su sic t6i gido vién huéng dan, TS. Trin Xuan Quy va TS. Vi Vinh
Quang da ludn quan tam an can chi bdo, dong vién khich 1&, gidp dd tan tinh va
g6p ¥ sdu sic cho em trong sudt qua trinh hoc tip ciing nhu thuc hién dé tai.

Chiing duong vita qua sé 1a nhitng ki niém déng nhé va day y nghia dbi véi cac
anh chi em hoc vién 16p K12 néi chung va véi ban than em néi riéng. DAu 4n Ay
hién nhién khong thé thiéu su hd trg, sé chia diy yéu thuong ctia cha me hai bén
va cac anh chi em con chdu trong gia dinh. Xin chan thanh cdm on tit ca nhiing
ngudi than yéu da gitip d3, dong hanh cling em trén ching dudng viia qua.

Cudi cling toi xin cdm on tdi gia dinh, ban bé, dong nghiép da trao ddi, dong
vién va khich 1€ t6i trong qua trinh hoc tap va lam luan van tai Truong Pai hoc
Khoa hoc, Pai hoc Thai Nguyén.

Thdi Nguyén, 26 thdang 01 nam 2021.

Hoc vién

Vii Thi Linh Chi



Chuong 1
Mot s6 kién thire chuin bi

Chuong ndy trinh bay mot sd kién thiic co ban vé khong gian Hilbert va mot s6
khdi niém, dinh nghia. Pong thdi trinh bay vé todn ti, bai toan tim diém bat dong
va bai toan bit dang thiic bién phan. Cac kién thic trong chuong dudc tham khio
trong céc tai liéu [1} [17]. Chuong nay trinh bay mot s6 két qua trong khong gian
Hilbert va mot s6 phuong phap lip di c6 lién quan t6i bai toan tim diém bat dong
va bai todn bat dang thic bién phan.

1.1 Mdt s6 khai niém va két qua dic trung trong khong gian
Hilbert

Dinh nghia 1.1.1. Cho H 1 khong gian tuyén tinh trén R, tich vo huéng xéc dinh

trong H. 1a mdt anh xa

()" HxH—R
(x,y) > (X, y)

thda man cac diéu kién sau day:
1. {x,y) = {y,x) v6i moi x,y € H;
2. {x+y,2) =(x,2) +(y,2) v6i moi x,y,z € H;
3. (Ax,y) = A{x,y) v6imoi x,y € H, 1 € R;
4. (x,x)>0véimoixeHva{(x,x) =0 x=0.

S6 (x,y) dudc goi 1a tich v hudng ctia hai vecto x, y trong H.



4

Pinh nghia 1.1.2. Cip (H, (., .)), trong d6 H 12 mot khong gian tuyén tinh trén R,
(.,.) 1a tich vd huéng trén H dudc goi 1a khong gian tién Hilbert thuc.

Pinh ly 1.1.3. (Bét dang thiic Schwarz) Trong khong gian tién Hilbert H v6i moi

x,y € Htaludn c6 drflng thuc sau:

26 P < () - (X, 9

Dinh ly 1.1.4. Moi khong gian tién Hilbert H. déu 12 khong gian tuyén tinh dinh

chuan, véi chuin dugc xdc dinh bdi cong thiic

x|l = vV{x,x) VYxeH. (1.1)
Chuan nay dudgc goi 1a chuén cam sinh tir tich vd hudng.

Dinh nghia 1.1.5. Néu H. 12 khong gian tién Hilbert thuc va dy di dbi véi chuin
cam sinh tu tich vo huéng xac dinh bdi (1.1)) thi H. dudc goi 1a khong gian Hilbert
thuc.

Vi du 1.1.6. Khong gian R” 1a mdt khong gian Hilbert véi tich vo hudng

n

(x,y) = Z XkYks

k=1
trong do
X = ('xl,x2,°°'9-x}’l); y = (y17y29°°',yn) € Rna

va chuan cam sinh
n

n
2 2
P = (6x) = " xe = ).
k=1

k=1
Vi du 1.1.7. Khong gian

2= {x = (x), €R: Z Ix, 2 < +oo}

n=1
la khong gian Hilbert v6i tich vo hudng,

(o)

(x,y) = Z XVns X = Elgars ¥ =0y €1

n=1

va chuan

bl = Ve xy = 4| Dl = Ol -
n=1

n=1
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Vi du 1.1.8. Khong gian L? [a, b] 12 khong gian Hilbert véi tich vd huéng

b
(x,y) = f x(O)y®)dt,¥x,y € L* [a,b],

va chuan

b 3
x| = [ f |x(r>|2dr] :

Ménh deé 1.1.9 (Pang thifc hinh binh hanh). Trong khong gian Hilbert thuc H. ta

ludn c6 dang thic sau:

1+ Y7+ lx = 7 = 21xl” + I1P),
v6imoi x,y € H.
Chitng minh. Ta ludn co

llox + yII* = [1xl* + 2¢xx, y) + [IylI%,

e = Y = 11211 = 2¢xx, ) + V112,
Cong hai dang thic trén ta nhan dudc diéu phai ching minh. O
Ménh dé 1.1.10. Trong khong gian Hilbert thuc H. ta ludn c6 dang thic sau
lx = I +llx = 2l = lly = 2l* + 2(x = y, x - 2),
v6i moi x,y,z€ H.
Chuing minh. That vy, ta c6

Iy =zl + 2¢x =y, x = 2) = (0, y) + (2, 2) + 2{x, x) — 2(x, 2) — 2(x, )
= [{x,x) = 2{x, y) + (¥, V]
+ [<x’ x> - 2<X, Z> + <Z9 Z>]

=[x = I + llx - 2%
Viy ta dudc diéu phai chiing minh. O
Ménh de 1.1.11. Trong khong gian Hilbert thuc H. , ta ludon co
(D). [|4x + (1 = Dyll* = Al + (1 = DIy = A0 = Dllx =yl

(D). [l + Y7 < [l + 2¢y, x + y).



v6i moi x,y € H.
Chitng minh. (i). Tacé

|2 + (1 = )ylI* = 2> + 221 = D{x, y) + (1 = D2yl
= AIl* + (1 = DIyIF = A0 = )(|Ixl* = 2¢x, y) + lIylI*)
= A + (1 = DIyl* = A0 = D)llx -yl

Ta dudc diéu phéi ching minh.
(11). V6imoi x,y € H, taco

e+ yII* = [Ixl? + 2¢x, y) + [Iyll?
< P+ 2¢x, vy + 2|1yl
= [Ix* + 2(y, x + y).

Ta dugc diéu phai chitng minh.
O

Dinh nghia 1.1.12. Cho H la khong gian Hilbert. Day {x,} ¢ H. Khi d6 ta c6 cac

khai niém sau
(a). Day {x,}, dugc goi 1a hoi tu yéu dén phan ti x € H néu

lim (x,,y) ={(x,y), VyeH.

(b). Day {x,}*>, dudc goi 12 hoi tu manh dén phan tit x € H néu

lim ||x,, — x|| = 0.

n—>oo
Ki hiéu x,, — x chi su hdi tu yéu, x, — x chi su hoi tu manh ctia day {x,} dén phan
ti x € H.
Pinh nghia 1.1.13. (a). Tap hop C € H dudgc goi 1a tap 16i néu

Vxi,xp € C, YA€ [0,1] =2 Ax; + (1 = D)x, € C.

(b). Tap C < H dudc goi 1 tap déng néu moi day hdi tu {x,} ¢ C déu c6 gidi

han thuoc C, nghia la v6i moi {x,} C C sao cho x,, —» x khi n — oo kéo theo

x € C.



